Optimal feedback control simulation of a visuomotor rotation
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1 General problem

We consider the following linear optimal feedback control problem: Find a control law w(t) (¢ € [to,ty]) such that the

performance index
[
70 =3 [ lulo)lPdo

is minimum, and an object with linear dynamics
x(t) = Az(t) + Bu(t) + nayn (1)

evolves from state x(t) = &(t) to state x(ty) = xf, A is the dynamic matrix, B the control matrix, with the observation
process
y(t) = Ha(t) + nobs

and the estimation process

&(t) = Az(t) + Bu(t) + K(t)(y(t) — Hi(t)) (2)

where ngyyn is noise on the dynamics, n,s noise on the observation, H is the observation matrix, H the internal

representation of the observation matrix, and K the Kalman gain.

2 General solution: Kalman gain

The solution to this problem is the control law w(t) and the Kalman gain K(t) (¢t € [to,t7]). The way to find the

control law is described in detail below in the case of a 2D linear mass. The general solution for the Kalman gain is



the following. We discretize the object dynamics (Eq. 1) with the timestep 7
Tyr1 = A$t + But (3)
fort=1,...,N—1 (N =ts/n). The Kalman gain is given by

{ K, = AP H(HPHT + Q)" @

Pt+1 - APtAT + Qdyn — Kt (I:IPtI:IT + QObS)K?

where Py is the state covariance matrix, (04, the covariance matrix of noise on the dynamics and Qs the covariance

matrix of noise on the observation.

3 Specific solution: Control law

We consider a 2D mass actuated by second-order linear muscles. The mass+muscles dynamics is

Tax(t) = —ax(t) +ex(t)
Tay (t) = —ay (t) + ey (1)
Téx(t) = —ex(t) +ux(t)
Téy (t) = —ey () + uy ()

where (X,Y") is the mass position, (ax,ay) is the muscles’ activation, (ex,ey) the muscles’ excitation, (ux,uy) the
muscles’ control, and 7 the muscle time constant. The goal is to drive the mass from state X (tg) = Xo, Y (o) = Yo,
X(to) =0, Y(to) = 0, ax(to) = 0, ay(to) = 0, ex(to) = 0, ey (to) = 0 to state X (t;) = Xy, Y(t7) = Yy, X(t;) = 0,

Y(ty) =0, ax(tf) =0, ay(ty) =0, ex(ty) =0, ey (ty) = 0 with minimum cost. The performance index is

7=y [ k(o) +uio))do



We define x( as the ongoing cost, x1, x5 the position, x3, x4 the velocity, =5, xg the muscle activation, and x7, xg the

muscle excitation. The dynamics is

do(t) = (uf(t) +u3(t))/2
&1(t) = w3(?)
o(t) = w4(t)
mi;(t) = z5(t)
miy(t) = we(t) (5)
T25(t) = —x5(t) + 7 (1)
Tig(t) = —w6(t) + ws(t)
Ti7(t) = —w7(t) + ua(t)
Tig(t) = —xg(t) + ua(t)

The Hamiltonian is

H o= txo(ud+ud) + Mxs + Aowy + Aszs/m + Az /m + As(—a5 + 27) /7+

)\6(—1'6 + SL‘S)/T + )\7(—3?7 =+ ’ul)/T + )\8(—!E8 + UQ)/T

Optimum is defined by
{ % :0:)\0u1+)\7/7'

% ZOZ/\QuQ—F/\g/T

Using Ao = 1, u1 = —A7/7 and uy = —\g/7, we obtain

@1(t) = 3(t)
Eo(t) = z4(t)
mis(t) = x5(t)
mig(t) = ()
Ti5(t) = —x5(t) + 27(t)
Ti6(t) = —x6(t) + 23(t)
TE7(t) = —x7(t) — A7 (L) /7
Tig(t) = —xg(t) — As(t)/T
and
At)=8%=0
Ao(t) =52 =0
Aa(t) = G5 = -\ (1)
Aa(t) = 55 = =X (1)
As(t) = G = —Xs()/m+ As(t) /7
Ao(t) = G5 = —\a(t)/m+ As(t)/7
Ar(t) = 82 = —xs(t) /7 + M (1) /7
As(t) = §2 = —xg(t) /7 + As(t) /7



where we have removed the variables xg and Ay which are not coupled to other variables. This is a linear system with

boundary conditions on x1, x2, 3, 4, T5, T, T7, Tg. Lhis system can be solved analytically. We note

Ty A1
) A2
T3 A3
T = o and A = A
Ts5 As
Te A6
Ty A7
s A

We write

2\ _ pore
( O ) 0 (6)

where D(t) is the 16 x 16 solution matrix, and ¢ a 16 x 1 vector of constants to be obtained from boundary conditions.

To obtain ¢, we write

and
( w(ty) ) ~ D(ty)e

Alty)

with
2 zy
z3 73
0 0

xz(ty) = xo = g and x(ty) =xy = 8

0 0
0 0
0 0

but A(to) and A(¢y) are unknown. The trick is to write in block matrix notations

< o ) _ ( Di1(to) Di2(to) ) < cy )
A(to) Do1(to) Daaf(to) cy

where D11, D12, D21, Doy are 8 X 8 matrices extracted from D(t) (raws 1-8/columns 1-8, raws 1-8 /columns 9-16, raws

9-16/columns 1-8, raws 9-16/columns 9-16), and ¢1, ¢o 8-coordinates vectors extracted from ¢ (raws 1-8, raws 9-16).



In the same way,
( Ty ) _ < Dy (ty) Diafty) ) ( c1 )
A(ty) Doi(ty) Daolty) C2
< T > _ < D11(to)  Drz(to) )c
xs Dui(ty) Daalty)

c— ( Dll(to) Dlg(to) >_1 ( o )
Di1(ty) Drafty) Xy

Once c is known, the solution comes from Eq. 6. To calculate the controls, use u;1 = —A7/7 and uy = —Ag/7, which

Thus

which leads to

corresponds to the two last lines of Eq. 6.

4 Optimal feedback control simulation of a visuomotor rotation

We consider a 2D mass actuated by second-order linear muscles (Eq. 5). We know how to set an optimal feedback

control law for this object (Egs. 6, 2 and 4). We define the observation process by the observation matrix

(1)

The upper part of the observation matrix corresponds to proprioceptive observation and the lower part to wvisual

observation. When a visuomotor rotation (angle 6) is imposed, the observation matrix become
i B
R

R - cosf) —sinf
sinf cos6

The estimation process depends on the characteristics of noise on the dynamics and observation (Qqyn and Qops). We

where

set

Qdyn = UdanB

prop
0. — [ Tobs Is  Ogx2
obs —

O2xs oIz

and

The ratio oP[°P /oY% defines the relative influence of proprioceptive and visual observations.

Now we need to consider delays in the observation process. We note Aprop and Ayis the proprioceptive and visual

delay, respectively. For simplicity, we assume that Apop = Ayis = A. We define d = A/n. We rewrite the discretized



dynamics (Eq. 3) as

:it-i-l = Ait + Eut

where the ~indicates an extended state representation. We define the extended state as

Ly
Hzi 4
:Et: )
Hzx_,
the extended dynamic matrix as
A Osx10 -+ -+ Osxio
Ooxs 010 Tio -+ Oy

=1
I
je)

Owoxg 010 -+ 00 Iyo
H 019 - - 010
the extended control matrix as
B
O10x2
B ,
O10x2
and the extended observation matrix as
H= (010><8 Io 0y - 010) .

The problem can now be solved for the extended state representation.

5 Simulations

A simulation program was written in Python using sympy (link to the program). Parameters were: m = 1 kg,
ty =058, ogyn = 1, 000 P = 0.1, o5 = 0.001, Apop = 0.1's, Ayis = 0.1s,, tp = 0.5, 7 = 0.0l s. Movement
amplitude was 0.1 m. We simulated three conditions: veridical visual feedback (§ = 0 deg; Fig. 1), rotated visual
feedback with an unadapted estimation process (f = 45 deg; Fig. 2), rotated visual feedback with an adapted
estimation process (6 = 45 deg; Fig. 3).

In the first condition, the hand trajectory and the visual feedback were straight to the target (Fig. 1). In the

second condition, the hand trajectory was first directed toward the target, but after some delay deviated to compensate


https://drive.google.com/file/d/1b5xL77EfyLNjdxENw0Fasub8lea61YR3/view?usp=drive_link

online for the perturbation (Fig. 2). In the third condition, the hand trajectory was straight to the target and the
visual feedback were straight at 6 deg from the target (Fig. 1).

Figure 1: Simulation with veridical visual feedback. (small circle)
starting point; (large circle) target; (black) visual feedback trajectory;
(dashed red) actual hand trajectory. Scale: 2 cm.



Figure 2: Simulation with rotated visual feedback when the estima-
tion process is unaware of the perturbation. (blue) estimated hand
trajectory.



o,

Figure 3: Simulation with rotated visual feedback when the estimation
process is aware of the perturbation
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